RANDOM WALKS ON VERTEX-TRANSITIVE GRAPHS WITH MODERATE
GROWTH

DAVID GUO

ABSTRACT. We study the mixing time of symmetric random walks on vertex-transitive graphs.
Given a vertex-transitive graph I' with diameter -, Diaconis and Saloff-Coste showed that if I' is a
Cayley graph of moderate growth then the mixing time of the simple random walk on I' is quadratic
in 4. The main technique they used was bounding the return probability and the spectral gap of
the walk. We will generalise their result to arbitrary finite vertex-transitive graphs.
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1. INTRODUCTION

Throughout this paper, we denote by I' a finite, connected, undirected graph without multiple
edges. We begin by introducing the definitions required for the statement of the main theorem.
Recall that every random walk on I' is associated with a stochastic matrix P which contains the
transition probabilities of the walk. For u,v € V, we denote by P, the u-th row of P; this is a
probability vector with non-negative entries that sum to one. The (u,v)-th entry of P is denoted
by P(u,v) or P,(v), and represents the probability of moving from u to v given that we are at w.

We define a transition system (I', P) to be a graph I' equipped with a transition matrix P
associated with a random walk on I'. We say that (T, P) is symmetric if P is symmetric. We denote
by U the matrix associated with the uniform distribution, i.e. U(u,v) = % for all u,v € V. We
write Aut(T") for the group of graph automorphisms of ', acting on the left. We define the set of
automorphisms of I' preserved by P to be

Aut(T', P) = {a € Aut() : Yu,v € V, P(u,v) = P(a(u),a(v))}.

Observe that this is a subgroup of Aut(I'). We say that the system (I', P) is transitive if Aut(I", P)
acts transitively on I'. In particular, if (', P) is transitive, then I' is vertex-transitive. Note that
symmetry and transitivity of (I', P) do not imply one another.
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2 DAVID GUO

The main purpose of this paper is to generalise the result of Diaconis and Saloff-Coste in [1] on
Cayley graphs with moderate growth to vertex-transitive graphs with moderate growth. Recall that,
given constants A and d, we say a finite connected vertex-transitive graph I" has (A, d)-moderate
growth if

1 /5\¢
B(j) > 1 <%> IT| whenever 1< j<+.

The main result of this paper is the following quadratic bound on the mixing time in ¢2.

Theorem 1.1. Let (I, P) be a symmetric transitive system. Suppose T' is finite, connected, and
has (A, d)-moderate growth. Let v = diam(I").

(1) For an upper bound, suppose that nn = inf{P(u,v) : u ~ v} > 0 and § = inf{P(u,u) : u €
V} > 5ty Then
Y
n __
1P =0l _ e
1Usll2
2
where B = AV221+ 5 gnd ¢ = % > 0.
(ii) For a lower bound, suppose that P(u,v) = 0 for any two non-adjacent vertices u,v € V, and
that v > A229+2 Then

4d+3 A2

(P~ U)oy = e for e=2 A0
~

Our proof builds on the work of Diaconis and Saloff-Coste [3]. We streamline their arguments,
strengthen the results, and provide further clarification where needed. Recall that a symmetric
transition matrix P has real eigenvalues 1 = my > w9 > --- > iy > —1. Given such a matrix P, we
set m, = max{|ms|, |7n|}, the second-largest eigenvalue of P in absolute value. The following result
motivates our study of the return probability and the eigenvalues of the random walk, forming our
strategy for proving Theorem 1.1.

Lemma 1.2. Suppose (', P) is a symmetric system. Let m, = max{|ms|,|7n|}. Then for non-
negative integers n and m,

(1) I(P™*™ = U)ol < P*™(0,0) m3".

The structure of this paper is as follows. In Section 2, we introduce further notation and standard
results required for this paper. In Section 3, we prove Lemma 1.2. In Section 4, we bound the return
probability P?™ (o0, 0), and in Section 5, we bound the eigenvalue term 72". In Section 6, we combine
these bounds to prove Theorem 1.1; in fact, we also deduce mixing time bounds in any ¢P space
from Theorem 1.1. Finally, Tointon and Tessera proved that vertex-transitive graphs with a suitable
large diameter condition have moderate growth [4]; we show in Section 7 that our results imply that
such graphs with large diameter also have quadratic mixing time, addressing a remark raised in the
paper of Tessera and Tointon [4, Remark 2.9].

Acknowledgements. I am very grateful to my PhD supervisor, Matthew Tointon, for his guidance
and for reading drafts of this article.
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2. PRELIMINARIES

With the setup of Section 1 in place, we introduce additional notation. Let I' be a finite, con-
nected, undirected graph without multiple edges. We write V' = V(I") for the vertex set of I'. We
often assume that I' has |V| = N vertices. For u, v € V, we write u ~ v if v and v are connected
by an edge; we denote by dr(u,v) the number of edges in a shortest path from u to v. Taking a
starting vertex o € V, we denote |v| = dr(v, 0) to be the number of edges in a shortest path from o
to v. Given j € N, we write Br(v,j) = {u € V : d(u,v) < j} to be the ball of radius j centred at v.
Lastly, in the case when T" is vertex-transitive, the size of the ball, |Br(v, j)| is the same for every
v € V; we write fr(j) for this cardinality. Also, we write v = diam(I') = min{j : fr(j) = |V|}, the
diameter of the graph. We might often drop the subscript I' if it is clear from the context. Denote
deg(T") to be the degree of every vertex in I'. The matrix P associated with the simple random walk
is defined as follows:

(2) P(u,v) = {m

0 otherwise.

ifu~wvoru=nwv,

As we mentioned in Section 1, a system (I', P) is transitive if the probability of going from any
vertex to another is invariant under automorphisms. By induction, it follows that the probabil-
ity of going from one vertex to another one in a finite number of steps is also invariant under
automorphisms.

Lemma 2.1. Let (I', P) be a transition system, for n > 1, we have
(3) Aut(T', P) C Aut(T, P™).
Therefore, if (I', P) is a transitive system, then for any n > 1, (I', P") is also a transitive system.

Proof. We will prove by induction on n. The statement is clear for n = 1. Suppose it holds for
n —1, and let a € Aut(T, P) C Aut(I', P"~1). Then for u,v € V, we have

P"(u,v) = Z P (u, w)P(w,v)

weV
= 3 P a(w), a(w) Pla(w), a(v))
weV
= Z P Y (a(u),2)P(z,a(v)) since « is a bijection on V'
z€V
= P"(a(u), a(v))
Hence, Aut(I', P) C Aut(T", P™). O

Remark. We will give an example when the other inclusion in (3) does not hold. Take I' = K3, the
complete graph on 3 vertices vy, vo and vs. Consider

V1 v2 U3

1 0 0

P — V2 0 0 1
v3 0 1 O

Then Aut(T', P?) = Aut(T, I3) = S3. Let a be an automorphisms on T such that a(v1) = ve. Then
P(ui,v1) = 1% 0= P(v,v2) = P(a(v1), a(v1)), so o & Aut(T, P).
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For a transitive system, the following result shows that the set of transition probabilities at a
given vertex is the same for all vertices. In fact, the columns of the transition matrix have the same
entries up to permutation by a graph automorphism.

Lemma 2.2. Suppose (I, P) is a transitive system, then for u, v € V, there exists a« € Aut(T, P),
such that P(u,w) = P(v,a(w)) for allw e V.

Proof. Since (I, P) is transitive, there exists a € Aut(T', P), such that a(u) = v. Hence, for all
w €V, we have P(u,w) = P(a(u),a(w)) = P(v,a(w)). O

Next, we introduce some standard definitions and results from functional analysis. Any real-
valued function f on the vertex set V of ', with |[V| = N, can be viewed as a vector in RY. For
1 < s <t < oo, we define the £° norm on RY in the usual way:

1/s
wm:(ZMww>, Il = max | £(w)].

ueV

RN*N we define the operator norm

1@lls—e = sup [[QFfs-
17 lls=1

Given a matrix Q) €

Recall that for 1 < s <t < oo, we also have

11
(4) [flls < N7 fle-
For real functions f, g on a finite set V', we define their inner product to be
(f,9) = Fw)g(v).
veV
Let P be a symmetric and stochastic matrix, the Dirichlet form associated with P on V is defined
by
The following result gives us an expression of the Dirichlet form as a double sum over the vertices
of V.

Lemma 2.3. Let P be a symmetric and stochastic matriz, for any real function f on finite set V,
we have

Ep(f f) =5 3 (Flu) — F(0))Plu,v).

u,veV

Proof. Since P is symmetric, for any real function g on V', we have

(5) Y- g P(u,v) = Y glu)Plo,u) = Y g(v)P(u,v).

u,veV u,veV u,veV
Therefore,
(I=P)f )= [(If = Pf)w)] f(u)
ueV

= > [f) =Y Plu,v)f() | f(u)

ueV veV
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:pruzmwmww

ueV veV
= Z Z [f(U)QP(U:U) - f(u)f(U)P(u,v)} since P is stochastic
ueV vev
= % Z [f(u)2P(u,v) + f(u)zP(u,v) — 2f(u)f(v)P(u,v)]
u,veV
= % Z [f(u)2P(u,v) + f(v)2P(u,v) — 2f(u)f(v)P(u,v)} by (5)
u,veV
1 2
=5 f(uw) = f(v) ) P(u,v)
2 u,weV < >

3. BOUNDING [|(P™ —U),||3 BY THE RETURN PROBABILITY AND THE EIGENVALUE

We begin this section by establishing equality between the norm of a symmetric operator in the
1?2 space and its eigenvalues.

Lemma 3.1. Let Q be a real symmetric N x N matriz with eigenvalues {m;}}¥,, ordered so that
|71| = max; |m;|. Then

1Qll2—2 = |-
Proof. Since @ is symmetric, it admits an orthonormal eigenbasis {fi} ,, where Qf; = m; f; with

71| = max; |m;]. For any f = SN a;f; with ||f]2 = 1, we have 3~ a? = 1 and

N
QI3 =D ain} < |m [
=1

Hence ||Q|l2—2 < |m|. Equality follows by taking f = fi. O

Recall that a symmetric transition matrix P has real eigenvalues 1 =m > 7w > --- > 7wy > —1.
The above lemma applies to our case as follows.

Lemma 3.2. Let P be a real symmetric transition matriz. Let 1 = m1 > w9 > --- > 7wy = —1 be
its eigenvalues, with corresponding orthogonal eigenvectors f1 = (1,...,1), fa,..., fn. Then:
(i) f1,f2,..., [N are also eigenvectors of U, corresponding to the eigenvalues 1,0,...,0, respec-
tively.

(i1) ||P — Ulla—2 = 7, where 7, = max{|ma|, |7n]|}.

Proof. (i) Since U is the uniform transition matrix, we have

Ufi= %((flafi>w"v<fl,fi>)'

For i > 2, orthogonality gives (f1, f;) = 0, hence Uf; = 0. For i = 1, we have U f; = f;. Thus
the eigenvalues of U are 1,0,...,0.
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(ii) From (i),

Thus the eigenvalues of P — U are my,...,mny and 0, so the largest absolute eigenvalue is 7.
The result follows from Lemma 3.1.

(P_U)fi:{o ifi=1,

O

For a transitive system (I', P), Lemma 2.2 shows that the entries of any two rows are permutations
of each other. The following result relates the operator norm to the row vectors of such matrices.

Lemma 3.3. Let T be an N x N matrix with rows and columns indexed by a finite set V. Suppose
that T satisfies

(6) Vu,v € V, 3o € Aut(V) such that Vo € V, T, (x) = T, (o(x)).
Let 1 < s,t < oo with %—l—% = 1. Then, for anyo €V,

(i) |Tllome < ITo]1;
(i5) | Tlls—o0 = [IToll¢-

It is clear that the transition matrix of a transitive system satisfies (6).

Proof. By the definition of the operator norm, we have

1T]s—s00 = sup [|Tf|loo
Iflls=1

= sup max Z Tu(y) f(y) using definition of matrix—vector multiplication

Iflls=1 vEV "

< sup max || Tyl¢]l fls by Hélder’s inequality
I £lls=1 u€V

= max || Ty ||t = ||To||: by property (6).
ueV

This proves the s = oo case in (i) and (<) direction in (ii).

(i) Suppose s < oo, we have

IT)s—s = sup [|Tf]|s
Iflls=1

s S

= sup (> D Tulw)f(y)

Ifls=1 \ ywev |yev

< sup Z Z|Tu(y)f(y)|

Ils=1 \ yev yev

w [

< sup (Z (HTthHst)s) by Holder’s inequality
Il=1 \ o

1
= N ||To]|¢ by property (6)
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< ol

where the last line follows from inequality (4).
(ii) It remains to prove (>) direction. Let 1 < s,t < co. Define a real function h on V' by

h(v) = [T(0)|" sen(To(v)), v e V.
Then

o |

Ih]ls = (Z \n@)“*”\) = (Z rTo<v>\t> (.

veV veV

Taking f = ”}i‘”s, then ||f]|s = 1 and we have

1
Tfloo = ——m
175w = o, mass

> Tu(v)h(v)
veV

> To(v)h(v)

veV
1
=Tl Z To(v)[*
5 vev

AT
Il

which proved the inequality. The cases s = 0o or t = oo can be treated similarly.

1
2 E—
17l

= [[To]s-

We take note of these two special cases of the above lemma:
(i) If P is a stochastic matrix that satisfies property (6), then for 1 < s < oo,

(7) [Plls—s < 1
(ii) When we take s = ¢ = 2 in Lemma 3.3 (ii), we have
(8) 1T |200 = I Toll2-

The following result is useful when we compute the difference between the n-step transition
matrix and the uniform matrix.

Lemma 3.4. (i) For any stochastic matriz P, we have PU =UP = U.
(it) Furthermore, for any n > 1, we have P* —U = (P —U)™.

Proof. (i) For any u,v € V, we have

(PU)(u,v) = > Plu,w)U(w,v) = ~ > Plu,w) = ¥
weV weV
Similarly, we also have (UP)(u,v) = %.
(ii) We will prove by induction on n. The statement is clearly true for n = 1. Suppose it holds for
n — 1, then
(P-U)"=(P-U)""(P-U)

= (P —U) (P -U) by induction hypothesis
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=P P U-UP+UU
=P"-U by part (i).
I

In the following lemma, we establish an equality between the return probability and the norm
of the power of the transition matrix. Following from this, we also take a look at the decreasing

pattern in the sequence {P?"(0,0)}°_;.

Lemma 3.5. Suppose P is a symmetric stochastic matrix, then for any m > 0, we have
(i) P*™(0,0) = || P[5 = || P3™ [|oos

(ii) [P Yoo < ||P™||oo- Therefore, P?*™*2(0,0) < P?™(0,0).

(iii) P*™*1(0,0) < P*™(0,0).

Proof. (i) Since P is symmetric,

P*™(0,0) = Y P™(0,u)P =) P (w)Pl(u) = P35
ueV ueV
From this, we can see that ||P2™|w = max,ey P2™(v) > ||[P™||3. To show the other

direction of the inequality, we note that
2 2
”Pom”oo = I})lea“} Pom(v)

=max » P"(o,u)P™(u,v)

veV
ueV

< max | P |2l| P |l2 by Cauchy Schwartz inequality
ve

= |[B;"l3 by property (6).

(ii) By Holder’s inequality, we have

1B oo = maXZP’” v) < max [ Bl 1Polly = 175" oo
uel’

(iii) Again, by Holder’s inequality,
P2m+1 ZP2m HP2mH ”P ”1 _ P2m(0 O)
yev

0

Example 3.6. In general, we do not have P™*1(0,0) < P™(0,0) for m > 0. For example, take
P = ((1](1]), we have P? = ((1](1])

We can now give the proof for the result which we stated in the introduction.
Proof of Lemma 1.2. For any real function f on V', we have
[P = U) fllos = [P™(P" = U) fll by Lemma 3.4
(9) <P 2500 [P = Ullay |l fl2-
It follows that,

|(P™T™ —U), |5 = | P — UH2_>OO by Lemma 2.2 and equality (8)
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< IP™ 500 IP" = Ullyse by (9)
= ||P™|3||(P — U)"||§_)2 by equality (8) and Lemma 3.4
< PP (0, 0)m2" by Lemma 3.5 (i) and 3.2 (ii)
which completes the proof. O

4. THE DECAY OF THE SEQUENCE P?™(o,0)
We will be using the following standard results from linear algebra:

Lemma 4.1. (i) Let P be a symmetric matriz. Then P is positive semi-definite if and only if all
its eigenvalues are non-negative.
(ii) A positive semi-definite matriz T has a unique positive semi-definite square root TY2. In
particular, T 1/2 4 symmetric.
(iii) A linear map on RY defined by a symmetric matriz is self-adjoint.

When we have a semi-definite matrix 7', we write T%/2 to be its unique positive semi-definite
square root.

Example 4.2. Denote I as the N by N identity matrix. Recall that the eigenvalues of a stochastic
symmetric matrix P are bounded above by 1. Therefore, I — P is positive semi-definite by Lemma
4.1 (i). Hence, by Lemma 4.1 (ii) and (iii), (I — P)'/? is self-adjoint.

Let (T, P) be a transitive system. We will write Pt = (I + P)/2, which is still a stochastic
matrix. We define = np = inf{P(u,v) : u ~ v} and similarly n* =} = inf{PT(u,v) : u ~ v}.
We now examine some properties of the variables associated with the matrix PT.

Lemma 4.3. Let (T, P) be a symmetric transitive system. Then
(i) PT is positive semi-definite;
(ii) 0" = gn;
(iii) For m >0, we have P?™(0,0) < 2(PT)?™(0,0).
Proof. (i) Similar to Theorem 4.2, we know that the eigenvalues of P are bounded below by —1,
so the eigenvalues of PT are bounded below by 0, the result follows from Lemma 4.1 (i).

(ii) This follows from the fact that the off-diagonal elements of I are 0, i.e. I(u,v) =0 for u ~ v.
(iii) We have

0.0 = (F50) " 0.0

2m
1 2 o
= 5om Z < T) I PJ(0, 0) using Binomial expansion
j=0
1 K 2m\ o
> 22—,”2 <2j>P ’(0,0)
j=0
2m 1 - 2m ..
> P“™(o0,0) o Z by by Lemma 3.5 (ii)
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P?™(0,0)
—

0

The proof of the next lemma requires the following observation from calculus. Given m € N,

consider the function h : [0,1] — R, h(z) = (1 — z)z®™, by calculus, h obtains its maximum at
2m
L= omyt-

ny oo
Recall a standard analysis result that the sequence {(nLH) } ! is a positive decreasing se-
n=

quence. Therefore,

1 om  \ 2™ 1 4 1
= < - < —.
(10) Oz‘;lglh@ <2m+1> <2m+1> = <2m—|—1> <9> = 4m

Lemma 4.4. Suppose P is an N by N positive semi-definite stochastic matriz (hence symmetric).
Then

1 1
I—-P)zp™ < —.
”( )2 ”2—>2 = 2\/T_TL

Proof. Let f1, fa,... fn be a set of eigenvectors of P that form an orthonormal basis. Let m; be the
corresponding eigenvalues. Since P is positive semi-definite and stochastic, these eigenvalues are
bounded between 0 and 1. Let f be a real function on RV, write f = Zf\il a; f; with a; € R, then

N N N
(I—P)ZP™f=(I—P)3 > aifi=(I- P)3 > aimifi=Y (1- mi) 2 agm fi.
i=1 i=1 i=1
Using inequality (10), we obtain that
N 2
S —m)zamf,

fo- e -
i=1

1 1
2 2
<im El jai* = I/ 1>
1=

The result follows by taking the square root on both sides.

2

O

There is a very nice property about transitive action on a set, the following two sums are equal:

(1) the sum of a function over all the elements in the set;
(2) the sum of this function over all conjugacy classes, multiplied by the size of the stabiliser.

Lemma 4.5. Let V be a finite set and H acts on V. Let f be a real function on V and let v be an
element in V. Consider the following sums:

(1) S1=2 en f(a(v))
(ii) S = ZuEV > acH, fla(v))

v)=u

o
(iii) S3 =3 ey > ach, [(a(v)).

a(u)=v
Then S1 = Sy = S3 for any group action H on V. In the case where H acts transitively on V,
we have |stab(w)|, the size of the stabiliser of w under H, is the same for every w in V, we denote
by C to be this cardinality. Then the following sum also coincides with the above ones:

(iv) Sy = CZ%V f(u).
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Proof. (S1 = So = S3) This follows from the following observation:
Unevi{a € H|a(v) = u} = H = Uyev{a € H|a(u) = v}.
(S2 = S4 when the action is transitive) Let u € V, then there exists § € H, such that 5(v) = u.
Also, {a € H|a(v) = u} = Bstab(v). Hence [{a € H|a(v) = u}| = |stab(v)| = C. O
We will see how the above lemma can be applied to the transitive system.

Lemma 4.6. Let (I', P) be a transitive system, recall that this means that the group Aut(I', P) acts
transitively on I'. Let x,u € V', such that x ~ u. Then

2 2
Z (Pv($) - Pv(u)) n< Z Z(PO(U) - PO(U)) P(u,v).
veV veV ueV
Proof. Let C' = |stab(v)], the size of the stabiliser of v in Aut(I", P). We have

veV acAut(T,P),
a(v)=o
[ 2
- l P - P 1 T.P)is t iti
- C Z aw) (@(2)) a(w)(a(u))| n since (I, P) is transitive
veV acAut(T,P), -
a(v)=o
1 I 2
-C Poa(a)) = Pola(w)]
veV acAut(T,P), -
a(v)=o
2
1
== > |:Po(04(117)) - Po(a(u))} n by Lemma 4.5(S; = S3)
acAut(T,P)
2
= % Z {Po(a(a;)) - Po(w):| Ui since a(x) ~ a(u)
acAut(T,P) weV,
wro(x)
1 2
< EC Z |:P0(U) — Po(w):| P(v,w) by Lemma 4.5(51 = Sy)
veV wevV,
2
S Z Z(PO(U) - Po(v)) P(u,v). -
veV ueV

The following lemma establishes a connection between the rate of decrease of the return proba-
bility P?™ and the volume growth of T.

Lemma 4.7. Let (I, P) be a symmetric transitive system with P being a positive semi-definite
matriz. Then, Yn,m >0’

2
B(r(n,m))’

1 P2n+m
P2"+m(0, 0) < where  r(n,m) = (g) 2 m%ip%(o(’oo’)o)
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Proof. Let x € V and u ~ z. Let C be the stabiliser of a vertex under Aut(I', P). Then
[P () = Py (u)]

=" [P )P () — PR (o) PR (w)]

veV
=2 IEollprm @ - P )
veV
: :
< <Z ‘Pf(v)f) <Z (Py™ () — PJ‘JFm(u))z) by Cauchy-Schwartz inequality
veV veV

_ HPZLH2 <Z (P[,H'm(a;) o P5L+m(u))2n> 2

veV

=
=

< HPonH2 <Z Z(P;H-m(u) . P:+m(v))2P(U,’U)> ’ by Lemma 4.6

veV ueV

1
2
(2(([ — P)pP™ P;‘+m>> by Lemma 2.3

2 2
127, <<(I — p)yzprtm (I - P)%Pg+m>> since (I — P)? is self-adjoint
1

2
= (2) 1mnefa - mremez],

1
2\ 2 1
< (2) et - pien),
2\2 1
2
S HPonH2 <;> m by Lemma 4.4
IPg1l5 _ P*"(o,0) :
= by L 3.5 (i).
< o NoTT y Lemma (i)
Let 0 = xg, 21, . .. s T)g| =T be a shortest path from o to z with x; ~ x;+1. The above calculation

tells us that
|| —1
’P3n+m($) . Po2n+m(0)’ < Z ’P3n+m($i+1) — P2n+m(xz.)‘ < ]a;\
i=0

Hence, for all € V', with |z| < r(n,m), we have

e et P (0,0 Mz 1P (0,0) [ P?(0,0 P™Mtm(o o
P2 ) = 2] < rlnm) ) (1) P00 (P00 ) P 0)

It follows that,
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Recall that there are (r(n,m)) number of vertices which are at most r(n,m) away from o, so
summing the inequality over the set of {z € V||z| < r(n,m)} gives us

P2n+m(070)
> POy e
€V, z€eV,

|| <r(n,m) || <r(n,m)

P2n+m
sir(n,m) 00 <
2
P2n+m 0,0)< ——
0= Bt m)

which completes the proof. O

We will now find a bound for the decay of the sequence P?™(0,0) when the vertex-transitive
graph undergoes polynomial growth.

Theorem 4.8. Let (I', P) be a symmetric transitive system. Recall that we defined n = inf{P(u,v) :
u ~ v}. If the volume growth ((j) satisfies

(11) B(j) = aj?, forall 1<j<M
for some positive a, d and M, then
D 4M?
P (o,o)_md/2 forall m < ;

with D = 22+%d+§/(and/2).
Proof. Let us first assume that P is positive semi-definite. Set A(n) = P"(0,0). Then we have
2

(r(n,m))

Zr(n,m)~* using the volume bound (11)

-1/2 n+m)\ ! I
{(g) Fm 1/2<A(§1(2;) )> } ’

this holds for any n, m with r(n,m) < M. From the definition for  in Lemma 4.7 and the bounds

1
in Lemma 3.5, 7(n,m) < ()2, therefore, the formulae (12) holds for m < % and for all n.
Rewriting (12) to make A(2n + m) the subject, we get

(13) A@2n+m) < {(%)d <%> <%>%A(2n)}€,

where 0 = #‘ld. Fix m, < 4N?7. Let m be such that 2™ < mg < 2™+, Then, by using (13)
repeatedly, we have

A(2n+m) < by Lemma 4.7

A
2 ™

(12) -

IS

A(2™) = A@2™ 4 om
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1 (02751); ) (zm_l)}e 02
HeH{EO 6 ()]

S1(0
2 1( ){ S. (0) emfl
952 }A(z)

IN

—
N
IS
N———

S
7N
I N
N———

N}

[\VJiSe)

IN IA
— —
N 7N
SHEN IS
N——— N———

= Q-
N 7N
SRR SRR
N— N—————

- wl

where

S1(0)=0+0+0%. .. 40" => 0 =d1—0""") < d;

and

m—1 m— 2 1 1 [ ol
_ — — 2 Zpm—1| _ = Nt i
S2(0) = [ 5 0+ 5 9+...29 } 2<ZE:119 m?ﬂ@).
By differentiating S1(f) and multiplying the derivative by 6, we get that

m—1

> i = (d+d*)(1—mom " + (m—1)0™).

i=1

We will use this to show that S3(0) < w as follows:

255(6) — (d +d? — md> = (d+d*)(1—mo" "+ (m—1)0") —md(1 — ™)

- <d+d2—md>

= (d+d*)[—mf™ " + (m —1)0™] + mdo™ !
= —dmf™ 4 d(m — 1)0™ — d*me™ " + d?(m — 1)0™ + mde™ !
= d(m — 1)0™ — d®m™ ! + d*(m — 1)™

(d —1)0 — d*m + d*(m )9) g1
( (d+ 1)d(m — 1) — d2m> g1
d

= (dz(m —-1)— d2m> g1 since 0 = TTd

=—d*9" ' <0.
We obtain the following bound when P is positive semi-definite:
P (0,0) < A(2™) by Lemma 3.5 (ii),
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1 1yd

2 2\ 2 d+d?—md

< - — 272
a n

d d
2 2\2 _ata®? 1 22
=\-J{-) 2% a7
a n 272 22

d, d+d? | d
ol+ g+ re

IS

d (m+1)d
anz 2
91+(3d+d?)/2

since 21

7 > my.
a(nmo)?
The above bound holds for the case when P is a positive semi-definite. For general P, Lemma

4.3 tells us that
P*™(0,0) < 2(PT)*"(0,0)

1+(3d+d?)/2 2
< 22—d for 2m < M
a((n/2)2m)5 /2
22+(3d+d2)/2 AM2
<{——— form< —
alnm)’? z

which completes the proof.

5. BOUNDS FOR THE EIGENVALUES
In this section, we will try to find two quantitative bounds for eigenvalues 7w and .
5.1. Lower bound for the smallest eigenvalue.

Lemma 5.1. Let P be a symmetric stochastic matriz with rows and columns indexed by elements in
V. Let 1 =m >my > ... > 7wy be the eigenvalues of P. Let 6 = inf{P(u,u)|u € V'}, the minimum
value of the diagonal elements of P. Then, the smallest eigenvalue of P satisfies

N > —1+26.

Proof. If 6 = 1, then P is the identity matrix with every eigenvalue being 1, so the result clearly
holds. If 6 < 1, let @ = (1 — §)"Y(P —6I). Then Q is also a symmetric and stochastic matrix.
Hence the eigenvalues of @) are bounded below by —1. The eigenvalues of @ are (1 — §)~!(m; — 6),
for 1 <i < N. In particular, we have

(1-0)"Yry—0)>-1
which gives us the result. O

5.2. Lower bound and upper bound for the second biggest eigenvalue. By looking at the
ratio of Dirichlet forms, we obtain the following upper and lower bounds for the second biggest
eigenvalue.

Lemma 5.2. Let I' be a finite graph with order N. Let P be the matriz associated with a symmetric
random walk, with eigenvalue 1 =my > mo > ... > wy. Then,



16 DAVID GUO

(i) Suppose &y < AEp for some constant A, then m; <1 —1/A, for all i > 2.
(i) For any non-zero real function g on V, we have

&
|y < P(9:9)
¢v(9,9)
Proof. Let fi1, fa,..., fnv be a set of orthonormal eigenvectors of P corresponding to eigenvalue
m = 1,m9...,mny. By Lemma 3.2 (i), we see that f1, fa,..., fx are eigenvectors of U corresponding
to eigenvalues m = 1,3 = 0,73 =0,..., 7y = 0.

(i) Suppose &y < A&p for some constant A. Given i > 2, using Lemma 2.3, we have
A> su(fi, fi) _(I=U)fi, fy (A=—m)fi,fi) 1
~ép(fi fi) (U=P)fs, fo) (A —m)fi,fi) 1-—m

(ii) Let g be a non-zero function on V', with g = Zf\il a; f;. Again, using Lemma 2.3, we have

ép(9,9) (I—-P)SN aifi, XN aifi)

Gu(9,9)  ((I-U)SY, aifi, S0y aifi)
N d—maf SN ot
_ im0 Zmi)aifi imy GFi) o o =y = 1,7 = 7y = 0,

N aifi, SN aifi)
Zij\i2(1 - 77@')%2

= N5 since fo, f3,..., fn are orthonormal,
D im0 @
N 2
(1 —mo)a; .
> Z’_Q(N 22) L since my > mwg > ... > TN,
>z O
=1— 9.

We will now find a bound for the ratio of Dirichlet form on a vertex-transitive graph.

Theorem 5.3. Let I" be a finite connected vertez-transitive graph with diam(I') = ~. Let P be the
transition matriz for a random walk with n = inf{P(u,v) : u ~ v} >0 . Then we have

2
&g%&

Proof. Since Aut(I') acts transitively on V', the size of the stabiliser of every v in V under the action
Aut(T") is the same, we denote C' to be this constant.

Take two vertices z, y in V, suppose xg = x, =1, Z2, ... , T = ¥ is a shortest path from x to y.
Given « € Aut(I"), note that a(zg), a(z1), a(xs), ..., a(zy) is still a path, i.e. a(z;) ~ a(x;41) for
all 4.

For any o € Aut(I"), we have
fla(@)) = fla(y) = [f(a(xo)) — fla(z1))]+
[fa(z1)) = fla(za))]+

+ [fla(zr-1)) — flalzr))].
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Then, squaring both sides and applying the Cauchy-Schwarz inequality, we obtain
[f(a(z)) = flay)]” < |fc|{ [f(a(wo)) — flal@)]*+
[f(a(@1)) — flal@z)] "+

(14) T [Hadar) - f<a<mk>>}2}.

We will do some manipulations on both sides of the inequality (14).
(Step 1)We will firstly sum over all & € Aut(I"). On the left-hand side, we have

ST [fle@) - )]’ =Y Y [fw) - flaw)
acAut(T) ueV ae?t;t:(g),

On the right-hand side, we have

k—1 k—1
T rk\{z[f(a(m))—f(a(m))ﬁ}=\er2 Y ) - flaz)]’
acAut(T) 1=0 =0 ueV acAut(T),

a(z;)=u

< |fc|kf SN Y W - )

=0 u€V aeAut(l"), veV,
az;)=u VU

= k2SS [fw) — f)]°

ueV veV,
VY

<203 N [flw) — f)]*

ueV veV,
v~YuU

(Step 2)Then we multiply both side by U(zx,y) = ‘—‘1/‘ and sum over y € I". On the left-hand
side, we have

S X - W)y

yeV ueV acAut(l),
a(z)=u

- Y Sl el

ueV acAut(l), yeV

a(z)=u
= Z Z Z [f(u) — f(v)]zﬁ since « is an automorphism
ueV acAut(l'), veV
a(z)=u

=CY X [ - F)] 5

ueV veV
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Note that there are no y terms on the right-hand sides, multiplying by |—‘1,‘ and summing over

y € I' have no effect:

PSS ) = £ 57 =220 2 3 [ S

yeV ueV UENV, ueV UENV,
1
<AC= SN [fw) — F)] P(u,v).
n ueV veV,

v~u

(Step 3)Finally, we divide both sides by 2C, the left-hand side becomes &, while the right-hand
side gives us

21 [1 2 L of1 2 "
LS S - SRR | < 225 50 S - foPPu | <

ueV veV ueV veV N

v~u

0

Corollary 5.4. Let I" be a finite connected vertex-transitive graph. Let P be the matriz associated
with a symmetric random walk. Suppose n = inf{P(u,v) : v ~ v} > 0. Then the second biggest
eigenvalue satisfies

Proof. This follows from Lemma 5.2 (i) and Theorem 5.3. O

6. MIXING TIME UNDER MODERATE GROWTH

6.1. Proof of the main theorem. We begin with some observations on the moderate growth
property defined in Section 1. Clearly, any vertex-transitive graph I" has (A, d) moderate growth
for some constant A and d, in fact, one can just take A = |I'|. However, it turns out that many
natural families vertex-transitive graphs have moderate growth with the same constant A and d.

Example 6.1. (1) For m € N, consider the Cayley graph Cayley(Z,,,{—1,0,1}). We have
B(j) = 2j + 1 and diam(G) = m/2. It follows that Cayley(Z,,,{—1,0,1}) has (1,1)-
moderate growth.

(2) The Cayley graphs of finite nilpotent groups have (A, d)-moderate growth, where A and d
depend only on the number of generators and the nilpotency class. This follows from [3,
Chapter 5].

(3) In the same paper [3, Chapter 7], Diaconis and Saloff-Coste showed that the Cayley graphs
of finite affine groups over F, exhibit (1, 2)-moderate growth, even though these groups have
exponential growth in the sense that their size grows exponentially with the diameter of the
graph.

Theorem 1.1 tells us that, if the graph undergoes moderate growth, by putting some restrictions
when travelling between adjacency vertices, we can study the rate of convergence of the symmetric
random walk to a uniform distribution. We present the proof here:

Proof of Theorem 1.1.
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Combining Lemma 5.1 and Corollary 5.4, we obtain that 7, <1 — % Since I' has moderate
growth, B(j) > e N_jd for 1 < j < ~. Substitute M = v, a = Al«,d in Theorem 4.8 and take

m = 4%, we obtain that

3 ;. d?
22+§d+7

2 A
2m < _ g2+ A
P“"(0,0) < N Ve 2“7 2 I
A )\
Recall an analysis result that the function h : R>; — R, h(z) = (1 — 1)? is an increasing
function with lim, ., h(z) = e~!. Taking n = ¢y?/n, then ¢ = ’;77 (mtn)n )77 — 4 and then the

bound (1) becomes

2
e MA n 2cy /77
P - vl < 275 5 (1= )

"

Finally, taking the square root on both sides and noting that ||Uy||2 = N 2 gives the desired
result.
Using Lemma 3.3 (ii), we have

I(P* = U)ol = |P* = Ullosso0 = i IPE(F) = U(f)lloo-
Let f be a real normalised eigenfunction for P corresponding to 7o with respect to infinity
norm, i.e. Pf = mf and |f|,, = 1. From Lemma 3.2 (i), we know that U(f) = 0. Hence,
(15) tells us that

2 A *
d+d
= 22+ 2 —

1(P* = U)ol = [P*(f)loo = 5.
Next, we will find the lower bound for mo. We will show that

D
m>1— = with D=42+142
v

Let g be the graph distance function on V, i.e. g(v) = |v| for v € V. Lemma 5.2 (ii) tells
us that
&
|y < p(g,g).
éoU(gv g)
Recall that &p(g,9) = %Zu,vev(g(“) — g(v))?P(u,v). We assumed that P(u,v) = 0 for any
two non- adjacent vertices u, v in V, it follows that (g(u) — g(v))? < 1 for P(u,v) > 0. Hence,

Ep(g,9) <33, wvev 1P(u,v) = 5. On the other hand,
Solg.9) = 3 3 (o) — () PUGww) = 5= 37 (i~ §)?0B@OB(),

u,veV 0<i,g<y
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where we write 0B(i) = [{v € V : |v| = i}|, the number of vertices that are distance i away
from the o. Consider By = {u €V : Ju| < 1}, and B ={v eV : ?% < |v| < ~}, then for any
u € By, and v € By, we have ‘|u| - |v|| > 2. Therefore,

1 72
& > ——|B1||Bs].
0(9.9) 2 52 |Bil|Ba
The moderate growth implies that
4N
31l = 6/ = WL — iy

Let w € V with |w| = 7. By triangle inequality,
3
z € B(w,%) = d(o, z) > d(o,w) — d(w,z) > % = 2z € By,

so B(w,v/4) C By. Hence, |By| > |B(w,v/4)| = B(v/4) > A7'47¢N. Combining these
bounds we proved our claim (17), then the inequality (16) becomes
A242d+1N\ F
1P = D)ol > <1—72 ) |
v
A242d+1
AR

¥
expansion, we see that 1 —x > e~2% for 0 < x < 1/2, which concludes the proof.

The assumption v > A22%%2 implies that < %. Furthermore, by looking at the Taylor

0

6.2. Mixing time. For ¢ > 0 and 1 < p < oo, the [P mizing time of system (T, P) is
p(e) =min{n > 0: [[(P" = U)ollp < €[|Us|lp}-

Following from Theoreml.1, we can deduce an upper bound and a lower bound for the mixing
time for the random walk in the vertex-transitive graph.

Corollary 6.2. (i) The mizing time for the system (I, P) described in Theorem 1.1 (i) is bounded
above by

(i) The mizing time for the system (I', P) described in Theorem 1.1 (ii) is bounded below by

2
ol 1
7'1(6) 2 W log E
We will use the following proposition to find an upper bound for the [*° mixing time.
Lemma 6.3. (i) The quantity |(P" — U),||, is non-increasing in n.
(11) The mizing time T,(€) is non-decreasing in p.
(iii) Suppose P is a symmetric stochastic matriz, then
2
(P2 — U)ollos _ <||(P" - U)o\|2>
HUOHOO HU0H2

(iv) Hence, Too(€) = 272(1/€).
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Proof. (i) According to inequality (7), we have
[P = U)ollp = [I(P™ = U)oPllp < [(P" = U)ollpll Pllp—p < I(P™ = T)ollp-

(ii) We begin by considering the case 1 < p < p’ < co. We know that the function h : R>¢g — R,
h(z) = zP'/? is a convex function. By Jensen’s inequality, we have for any function f: V — R,

(Z %f(u)) D0

ueV ueV

/

s

/

(Cuev F@) 7 _ Yooy Fw)
N - N

(ZUGV f(u)) (ZUGV f(u))

L

N% N

SIS

S
ST
S

)

IN

This case is proven by taking f(u) = |(P™ — U)(o,u)|P.
It remains to consider the case p’ = co. By inequality (9), we have
1
[(P" = U)ollp < N?[[(P" = U)ollos;

from which the conclusion follows.
(iii) For the numerator, Lemma 3.4 and Lemma 3.5 (i) tells us that

1P = U)ollos = (P = U)3" | = (P = U)5 13 = I(P" = U)oll3-

For the denominator, observe that ||Uy|lco = 1/N = ||U,||3.
(iv) We have

Tp(€) = min{n > 0: W <€}
:mln{nzowgﬁ}
ol|2
P —U),
=min{2n > 0: W <Ve} =2m(Ve). O

Following from the above lemma, we can generalise our bounds in Example 6.2 to the [P mixing
time for 1 < p < o0,

Corollary 6.4. (i) The mizing time for the system (I, P) described in Theorem 1.1 (i) is bounded
above by

7€) < Too() < 2-log
(ii) The mizing time for the system (I', P) described in Theorem 1.1 (ii) is bounded below by

7 1
Tp(E) 2 7'1(6) 2 W log E
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Remark. Suppose P is the transition matrix for the simple random walk defined in (2), the following
authors have also worked on the mixing time for finite vertex transitive graph:

(i) In [4, Chapter 11.1], Hermon and Pymar pointed out that the lower bound of the [°° mixing
time in Diaconis and Saloff-Coste’s result would generalise to the vertex-transitive graph. They
also proved an upper bound in [4, Proposition 11.1], while their bound depends quadratically
on the degree of the graph.

(ii) In [3], Goel, Montenegro and Tetali proved that the [° mixing time is comparable to 72, one
can combine [3, Corollary 2.8] and a generalised version of [2, Lemma 5.3] to obtain an explicit
upper bound for the [°° mixing time of symmetric random walks on vertex-transitive graphs.

7. APPLICATION: VERTEX-TRANSITIVE GRAPH WITH LARGE DIAMETER

We will use the following asymptotic notation: for XY € R, we say X = O(Y) if X is at most
a constant multiple of Y. If this constant depends on some other variable §, we indicate this with
a subscript and write X = O5(Y). We state the following result from [4, Corollary 2.8], which tells
us that a vertex-transitive graph with large diameter has moderate growth.

Theorem 7.1 (large diameter implies moderate growth). Let I' be a finite connected vertex-
transitive graph. For every 6 > 0, there exists ng = ng(9) such that if diam(T") > ngy and

(18) diam(T") > <%> ’

then T has (O5(1),O5(1)) - moderate growth.

Corollary 7.2 (large diameter implies quadratic mixing time). Let & > 0. Let (I', P) be a transition
system, such that I' also satisfies condition (18), then

(i) If (T, P) also satisfies the condition in Theorem 1.1 (i), then (', P) has quadratic mizing time,

r.e. for1l <p < oo,
2 1
Tp(€) = Os (; log Os <E>>

(ii) For a lower bound, if (I', P) satisfies the condition in Theorem 1.1 (ii), we have

7p(e) = C(8,€)7*

where C'(0,€) = Wloé(l) log 1 = 051(1) log L.

Remark. At the moment, we are unable to make the bound in Corollary 7.2 explicit. This is due to
our reliance on the non-explicit Theorem?7.1. In particular, we do not know how the bound for the
mixing time depends on J. For a deeper discussion about this, we refer the reader to the remark in

4, p. 4]
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